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Comparison theorems for disfocahty types on [a, cc) of a pair of equations 
L,(r,, r,_, ,.__, r,,) y +py = 0 and L,(p,, pVm ,...., pO) y  + qy = 0 are given, where L, 
and L, are disconjugate linear differential operators, not necessarily of the same 
order, and p and q are continuous and of constant sign. ‘?’ 1985 Academic Press, Inc 
1. INTRODUCTION 
Let the functions fO,fi,...,f, b e continuous and positive on [a, co). The 
differential operator Z,(JV,, f, _, ,...,&) is defined by 
-Mftd Y=fo(x)Y, uf, Y..., fo)Y=/;(x&& >..., fo)y, 
i = 1, 2,..., s. We shall consider a pair of equations 
and 
L(r,,..., r,)y+p.Y=O 
L(P,,..., PO) )’ + 4.Y = 03 
(1) 
(2) 
where p and q are continuous and of constant sign on [a, CO). The 
functions rO ,..., rnr p,, ,..., py are continuous and positive on [a, ocl). 
Equation ( 1) is said to be k - (n - k) disfocal {d&on&gate } on an inter- 
val Z if, for every pair of points 6, c E Z, b < c, the only solution satisfying 
the two-point boundary condition 
L, y(b) = . . . =L,p,y(b)=O=L,y(c)= ... =L,p,y(c) 
(&y(b)= ... =L,mm,y(b)=O=L,y(c)= ... =L,-k...ly(c)} 
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is the trivial one. It is well known that we need to consider only those 
values of k for which 
(-l)“-kp<O (3) 
in studying k- (n-k) disfocality (disconjugacy} of Eq. (1) [lo]. 
Various comparison theorems for higher-order equations have recently 
appeared in the literature [ 1, 2,46, S-111. Sorting out these results 
according to the equations and disfocality types compared, we can easily 
identify three distinct classes of comparison theorems: 
Classe I. Comparison of two different equations of the same order and the 
same disfocality type. Most of the classical comparison theorems for the 
second-order equations belong to this class [7, 12, 131. Recent results for 
higher-order equations in this class include those of Nehari [ 111, Elias 
[4], Butler and Erbe [l, 21, and others [6, 9, lo]. Of particular interest to 
us is a method of Nehari [ 111, who used nonlinear techniques involving a 
Riccati system to obtain comparison theorems for the pair of equations 
and 
y’“‘+py=O (4) 
y(n) + qy = 0. 
By extending this method, we shall obtain in Section 2 a comparison 
theorem for Eqs. (1) and (2) with v = n. The only other result of this type 
known to the author, comparing Eqs. (1) and (2) with v = n, where rr and 
pI are not necessarily equal, is given in [9]. 
Class II. Comparison of two equations of different order. Comparing dis- 
conjugacy types of an nth-order and an (n - 1) th-order equations of the 
form (4), Jones [8] proved: If (4) is (n-k) - k disconjugate on [0, GO) 
(with k odd for p positive and k even for p negative), then the (n - l)th- 
order equation 
Y 
&I,+XP(X) 
._kY’O 
is eventually (n - k - 1) - k disconjugate [8, Theorem 41. This and its 
companion theorems have been extended to the more general equation (1) 
[S, 91. Define the function tj(f,, fi,_, ,..., fJ, m = 0, l,..., s, by 
4(f,,)(t)=f;1(o~ 
4(f&f,,,-,,-.&J(t) =f,,'(t) jkL,-,di&) ds. a 
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For the equation (4) on [a, co), k - (n - k) disconjugacy is equivalent to 
k - (n -k) disfocality [3]. Furthermore, Eq. (1) is k - (n - k) disfocal on 
[a, co) if it is k- (n- k) disfocal on (a, co) [3]. Therefore, we may 
strengthen these extensions and state in the form suitable for later 
reference: 
THEOREM 1 [S]. ZfEq. (1) is k-(n-k) disfocal on (a, 00) nam, and 
k > n - m, then the m th-order equation 
L(r,,..., rn - ,I Y + dr rk) 
o,*-, 
d(r”-rn,-., rk)“=’ 
is (k-n + m) - (n-k) disfocal on [a, co). 
THEOREM 2 [9]. For n > m, let the functions lo,..., i,-,,, ~, be positive 
and continuous on [a, co). Zf the m th-order equation 
L(r,,..., ro) Y + i(io,...,:,~,~I,ro,...,r,-I)py=O 4(ro3..., r,- ,) 
is j - (m -j) disfocal on (a, cc, ), then the n th-order equation 
L,(r,,..., ro,in-m-Ir...rlO)y+py=O 
is (n-m + j) - (m-j) disfocal on [a, CD). 
Class III. Comparison of two disfocality types of an equation. Using 
results in the preceding two classes, Jones [8] obtained an ordering of dis- 
conjugacy types for the equation (4): For instance, he proved that Eq. (4) 
is eventually (k - 2) - (n-k) disconjugate if (4) is eventually k - (n-k) - 
disconjugate, k < (n + 1)/2, and (3) holds. 
The main objective of this investigation is to study the question: Under 
what conditions is Eq. (2) I- (v - I) disfocal on [a, co), given that Eq. ( 1) 
is k - (n -k) disfocal on [a, c;o )? Since n and v may or may not be equal 
and k and 1 are arbitrary to some extent, we should get comparison 
theorms which are quite general-in the sense that they contain results of 
the above three classes as special cases. In Section 3 a series of comparison 
theorems for various cases determined by the relative magnitude of k, 
n - k, 1, and v - 1 are discussed. 
2. PRELIMINARY RESULTS 
We shall adapt a method of Nehari [ll] to Eqs. (1) and (2) with v = n 
and establish a comparison theorem. Define a class of functions 
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I;, = {f~ C[a, a~)[ there exist positive constants A, B, and 6 such that 
A(x - a)l <f(x) < B(x - a)‘, x E [a, a + S)}, i = 0, l)...) n - 1. 
Listed below in Lemma 1 are elementary properties of F,, which will be 
used repeatedly. 
LEMMA 1. Assume that g E F,. 
(i) Zj’h,EF,, h,EF,, undf+m>i, then 
lim h,(x) h,(x) = o 
.X-U+ g(x) * 
(ii) If h E C[u, a + E), E > 0, and h(a) > 0, then hg E F,. 
(iii) If h E C[a, a + E), E > 0, and 
lim h(x)=0 
x-u+ g(x) ' 
then g+hEF,. 
(iv) Ifh’EC[u,u+&),E>O, h(a)=O, undh’EF,, then hEF,+l. 
Let u,, j= 1, 2,..., n, be the fundamental system of solutions of Eq. (1) 
satisfying 
i = 0, l,..., n - 1. It is easily seen that 
L,u,eF/-,-rr O<l<j<n. (5) 
Define 
Um=(L,,-,Uk+l,Lm~1Uk+2,,..rL,-,U”), m = 1, 2 ,..., k, 
and 
Um=(-l)m-k-’ (L,-lukll, Lmpl~k+2 ,..., L,-lu,), m=k+ l,..., n. 
Let B be the (n -k) x (n -k) matrix 
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and assume that Eq. ( 1) is k - (n -k) disfocal and (3) holds on [a, m)). 
Then the determinant of B cannot vanish on [a, a) and the inverse matrix 
B - ’ exists on [a, cc ). Put 
S,=U,B~‘, m = 1 , 2 ,..., k + 1. 
Differentiating (6), we get 
S:,= UmB-’ + U,(B-I)‘, 
(6) 
where 
(B-l)‘= -B-‘B’B-1, 
B’= -C&(-l)“-k-‘pr;$.~l , 
and 
0 r;;, 0 ... 0  ,,p+j,  .   
Thus, 
S&=r;‘Sm+, +&C+d&,,n-k~1, m = 1, 2 ,..., k, 
where 
I?=(-I)“-k-$,.,y 
and S,,n- k is the (n - k) th component of S,. Since the first row of B is 
u k+l, we have (1 O...O)B= Uk+,, i.e., (1 O...O)= Uk+lB-‘=Sk+,. 
This proves that the differential system 
Sk=r,‘S,+, +S,C+dS,,,,n~k~l, 
S,(a) = 0, 
(7) 
m = 1, 2,..., k, where Sk+ 1 = (1 0. . . 0) has a system of continuous solutions 
S,, m = 1, 2 ,..., k, on [a, ‘& ) if Eq. ( 1) is k - (n - k) disfocal on [a, co ). 
Conversely, Eq. (1) is k - (n -k) disfocal on [a, co) if the differential 
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system (7) has a system of continuous solutions on [a, co). Proof of this 
fact is omitted because it is similar to Nehari’s original proof [ 111. 
Summarizing the above results, we obtain 
LEMMA 2. Eq. ( 1) is k - (n - k) disfocal on [a, co ) if and only if the dif- 
ferential system (7) has a continuous solution on [a, co). 
Now we are ready to prove a comparison theorem for Eqs. (1) and (2). 
THEOREM 3. Assume that n = v. 
P, 2 rrJ i = 1, 2 ,..., n - 1, 
and (8) 
o<~~(-l)“~k~lqpnlpo’6(-1)“-k-‘pr,’r,’r~. 
If Eq. (1) is k-(n-k) disfocal on [a, CO), so is Eq. (2). 
Proof: Let S,J be the jth component of S,, 1 <m <k, 1 <j< n - k. 
Writing (7) as a system of scalar differential equations for the components 
s mJ7 we get: 
For m = 1, 2 ,..., k - 1, 
S~.l=~mlSm+l,l+~Sm.n-~~S1,l, (9) 
S~,=r,‘S,+,,+r~~,-lSmJ--++sm,n-kSIJ~ (10) 
j = 2, 3,..., n-k, and for m=k 
S;,l=r;‘+dSk,n-kSI.I~ (11) 
S;J=r~~,-,sSkJ~l+~Sk,n--sSIJ, (12) 
j = 2, 3,..., n-k, and 
S,,(a) = 0, (13) 
m = 1, 2 ,..., k, j = 1, 2 ,..., n - k. 
From (5) (6) and Lemma 1, we deduce for f 6 F, that 
s,,oco 
.r!T+ f(x) ' k+l-m>i, (14) 
and the quotient is bounded as x + a+ if k + 1 -m = i. 
We assert that every component S,, appearing in the system (9t( 13) is 
positive on (a, co) if k 2 n -k. To prove this assertion, it suffices to show 
that every component S,, is positive on some right neighborhood of the 
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point a, since all the coefficients in the system are positive on [a, cc). 
Indeed, it will be shown by induction that 
SmJEFk-???t,’ m = 1, 2 ,..., k, j= 1, 2 ,..., n-k, (15) 
provided k > n -k. 
From (11) and (13) we have S;,,(a)=r;‘(a)>O. Since r,’ is con- 
tinuous on [a, co), Sk,, E F,; thus, Sk,l E F, by (13) and (iv) of Lemma 1. 
From (9) with m = k - 1, 
X- ,., = rk-‘, Sk,, +&Sk- l.n-kSl,l~ 
where r;J I Sk,i E F, by (ii) of Lemma 1 and 
as ~-+a+ by (14) and (i) of Lemma 1. Hence, SbPl,i SF, by (iii) of 
Lemma 1; therefore, Sk- ,,, E F2 by (13) and (iv) of Lemma 1. 
Assume that S,,, E Fk ~ ,+ , for some l<k. From (9) with m=l-1, 
si 1.~ =r,:‘,Skl +Ps, I,n kS1.,. 
Again, as we showed before, 
as x + a+ by (14) and Lemma 1. Consequently, S;- ,., E Fk -,+ , , i.e., 
S,-,,IEF~-,., by Lemma 1 and (13). This proves (15) for j= 1. 
Suppose that (15) holds for j = i - 1 for some i, 2 < i < n - k, and 
m = 1, 2 ,..., k. From (12) with j = i, 
where rk-:l+lSk,rpIEF,+I by induction hypothesis and Lemma 1. The 
quotient 
as x + a+ by virtue of (14), the condition k >, n - k, and Lemma 1. Thus, 
Sk,, E F,;,- I and Sk,, E F, by Lemma 1. Assume that S,, E Fk- ,+ I for some 1, 
1<1<k. From (10) with m=l-1 for some 1, l<Z<k, and j=i, 
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By induction hypothesis and Lemma 1, f- r~‘, S,, + r;:,- I S,- i,,- 1 E 
FL-~+,. Since ( PS, _ I,n-kSl,i)/f-)O as x-a+, S;-I,i~Fk-I+r; hence, 
S/-1,,EJ’-,+i+l by Lemma 1. Consequently, (15) holds for j= i and 
m = 1, 2,..., k. This completes the induction and proves (15). 
Next we compare the system (9k(13) with the corresponding system for 
Eq. (2): 
j = 2, 3,..., n-k, and 
m= 1, 2 ,..., k, j= 1, 2 ,..., n-k, where all the coefficients are positive on 
[a, co) and are, according to (8), less than or equal to the corresponding 
coefficients in the system (9)-( 13). Since the system (9)-( 13) possesses a 
nonnegative solution on [a, co), the above system has a continuous 
solution defined on [a, co) (cf. [ 11, Lemma 3.21). Therefore, Eq. (2) is 
k - (n -k) disfocal on [a, co) by Lemma 2, proving Theorem 3 for 
kan-k. 
If Eq. (1) is k - (n-k) disfocal with k < n - k, we apply the above 
procedure to its adjoint equation 
L,(ro, rl ,..., rJy+(--1)“w=O 
which is (n -k) -k disfocal on [a, cc) [lo]. Noting that the inequalities 
required for (n -k) - k disfocality of 
L(Pm PlYY PAY+ (-lY4Y=O (16) 
on [a, co) are precisely those in (8), we conclude that (16) is (n-k) - k 
disfocal on [a, co ), i.e., its adjoint equation (2) is, k - (n - k) disfocal on 
[a, co). This completes the proof of Theorem 3. 
It should be noted that Butler and Erbe [2], using Tikhonov’s theorem 
in the Frechet space with the compact-open topology, also proved com- 
parison theorems of a similar nature for equatons (1) and (2) with rr =pz, 
i = l,..., n. 
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3. GENERALIZED COMPARISON THEOREMS 
Suppose that Eq. (1) is k - (n-k) disfocal on [a, CO). Under what con- 
ditions is Eq. (2) I- (v - 1) disfocal on [a, co)? This question will be 
answered in part with a series of theorems, each of which covering one of 
the following eight possible cases: 
(a) 16k v-l>n-k, (b) lak, v-/<n-k, 
(c) Ian-k, v-I<k, (d) l<n-k, v-l>k, 
(e) 16k v-l<n-k, (f) I<n-k, v-ldk, 
(g) l>,k, v-l>n-k, (h) l>n-k, v-I>k. 
THEOREM 4 (for case (a)). Assume that Eq. (1) is k-(n- k) disfocal on 
L-a, co). 
(i) Zf; for some m, n-k<m<min(n, v), 
Pm-,dr,,~-,, i = 1, 2 ,..., m - 1, (17) 
o<(-l)“-k-r &P”, Pv-lY.3 Pm--n+k+l) 4 
PmPcd(P,, PrnpIY? Pr%n+k+ 1) 
<(-l)“-k-’ 4(roy r 1 ,..., rk) p 
r,r,-d4r,-,, r,-,+,,..., rd’ 
(18) 
on [a, co), then the equation 
UP,,..., Po)Y+(-l)m+Y9Y=0 (19) 
is (k-n+m)-(n-k+v-m) disfocalon [a, co). 
(ii) For some m, max (n, v)<m<k+v, let the functions 
f0 ,..., fmp nil, g, ,..., g,,- y ~, be positive and continuous on [a, co), and put 
fm-,=r,, i=O, l,..., n, and g, _. y , = pL, i = 0, l,..., v. Zf 
g,2fm-r, i = 1 , 2 ,..., m - 1, 
o<(-l)n-kP1 ~(g,~“,g,-“+,,...,g,)q 
gm go4(goY~ g/c) 
Q(-lyPkP1 ~(f,-n,fm-n+l,...,fm-k~I)P 
fmfod(foY~fm-/C-1) ’ 
(20) 
on [a, a~), then the equation 
L(P”,..., Po)Y+(--1)“+“9Y=O 
is (k-m + v) - (m-k) disfocal on [a, co). 
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Proof (i) By Theorem 1, the equation 
L,(r,, rndl,..., r,-,)y+ 
4(r0, . . . . rk) 
&r,-,,..., r,)“” 
is (k - n + m) - (n - k) disfocal on [a, cc ), since Eq. (1) is k - (n - k) dis- 
focal on [a, co), n > m, and k > n - m. It thus follows from (17) (18) and 
Theorem 3 that 
JLhL~...~ PO) Y + 
4(Pw Pv-lY~ Pm-n+k+l) 
B(Pm.Pm-l,...,Pmn+k+,)q~=O 
is (k - n + m) - (n - k) disfocal on [a, cc). Applying now Theorem 2 to its 
adjoint equation which is (n -k) - (k-n + m) disfocal on [u, w), we see 
that 
L(Po,..., P”)Y+(-l)“w=o 
is (n-k+ v-m)- (k-n+m) disfocal on [a, cc). Therefore, Eq. (19) is 
(k-n+m)-(n-k+v-m) disfocal on [a, cc). 
(ii) The equation 
is (n -k) -k disfocal on [a, cc) since it is the adjoint equation of (1). 
Thus, by Theorem 2, 
is (m - k) - k disfocal on [a, 00). Using (20) and Theorem 3 for com- 
parison, we see that 
L( go,..., g_~p+~-l~~~(g,-~,g,~+~,...,gk)q~=o 
d( got-, gk) 
is (m -k) - k disfocal on [a, cc); hence, its adjoint equation is k - (m -k) 
disfocal on [a, co). Finally, by Theorem 1, 
L(P”,..., Po)Y+(-l)“+“qY=o 
is (k-m + v) - (m-k) disfocal on [a, cc). 
Applying the proof of Theorem 4 to the adjoint equation of (1) we 
obtain the following result. 
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THEOREM 5 (for case (b)). Assume that Eq. 
[a, cc ). 
(i) If, for some m, k < m < min (n, v), 
(1) is k-(n-k) disjbcal on 
PY- m+,>rrj i = 1, 2 ,..., m - 1, 
o<(-l)--’ d(P O?...Y Pv-m+k- I 4 1 
P,~P,~-md(Pr~-mY- PY -m+k- I) 
(21) 
<(-l)“-k-l d(r,,..., rk) P 
r,r04rm,..., r&l’ 
(22) 
on [a, a), then the equation 
UPW.., po)I’+(-l)m+“qJ’=O 
is (k+v-m)-(m-k) disfocal on [a, a). 
(ii) For some m, max(n, v) <m < n -k + v, let the functions 
fjl~~lfm_n~II g”+l ?...Y g, be positive and continuous on [a, 00 ), and put 
m ?I+! - rr, i = 0, l,..., n, and g, = p,, i = 0, l,..., v. Zf 
g, af,, i = 1, 2 ,..., m - 1, 
o<(-l)nPkP’ d(gw..v gm-n+k) 4 
gm go4(&nY-? gm-n+k) 
on [a, co), then the equation 
UP,,..., Po)Y+(-l)m+Yq.Y=O 
is (k+m-n)-(n-k-m+v) disfocal on [a, GO). 
The proofs of Theorems 4 and 5 consisted of the following procedures 
used in certain order: 
P,: Use Theorem 1 to go to a lower-order equation. 
P,: Use Theorem 2 to go to a higher-order equation. 
P,: Use Theorem 3 for comparing a pair of equations of the same 
order. 
P,: Go to the adjoint equation. 
When applied to Eq. (1) which is k - (n -k) disfocal, P, decreases k, P, 
increases k, and P, interchanges k and n - k. 
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This observation suggests a sequence of procedures to be used for the 
proof of each of the remaining six cases (cb(h). For instance, we may use 
(i) P,, PA, Pf, P, and (ii) P4, PI, P,, P,, P,, P4 to prove (i) and (ii), 
respectively, of the theorem for case (c). 
For the special case n = v, rr =p,= 1, i=O, l,..., n, and m=n- 2, the 
inequalities in (17) and (21) are trivially satisfied and the conditions ( 18) 
and (22) reduce to k < (n + 1)/2 and k 3 (n - 1)/2, respectively. Further- 
more, k - (n -k) disfocality is equivalent to k - (n-k) disconjugacy for 
this case [3]. Consequently, Theorems 4(i) and 5(i) contain Theorem 5 of 
Jones [S] as a special case. Similarly, the theorems for cases (c) and (d) 
generalize Theorem 8 in [S]. 
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